INTRODUCTION
Chaos as an interesting nonlinear dynamical phenomena has been extensively studied within the scientific, engineering, and mathematical communities during the last three decades [l] . In 1963,
Lorenz found the first chaotic attractor in a three-dimensional autonomous system [2] . In 1999, Chen found the dual chaotic attractor to the Lorenz attractor [3, 4] , where the duality is characterized by a critical condition formulated in [5] : the Lorenz system satisfies arza2r > 0 while the Chen system satisfies a12a21 < 0. Typeset by AA,+S-TEX which satisfies the condition ai2azi = 0, thereby bridging the gap between the Lorenz and Chen attractors [7-g] . Generally speaking, one may classify two types of "opposite problems" in the study of nonlinear dynamical systems, namely, the direct problem of seeking numerical solution of a dynamical system and the inverse problem of reconstructing a dynamical system by using noisy observational data. Often, reconstructing a nonlinear dynamical system needs to identify the unknown parameters of a mathematical model with a known structure using available real observational data.
There are many publications on chaotic system reconstruction by using, for instance, polynomial models [lo] . L ai and Chen [ll] successfully reconstructed discrete chaotic systems from the observed data. Huang and Yi [12] $ resented a method for reconstructing a dynamical system based on observation data, where noise (random disturbance) was not considered. In practical situations, measurement noise is unavoidable. Therefore, it is very natural to ask how the noise may affect the model reconstruction, particularly for chaotic systems. This letter studies the inverse problem of identifying the unknown parameters of the chaotic Lorenz and Chen systems from noisy observation data, and discusses the effect of the system complexity to this model reconstruction problem for chaotic systems.
THE BASIC PROBLEM OF MODEL RECONSTRUCTION USING OBSERVATION DATA
Suppose that an autonomous system is described by
where qi(t) are the system states and fi are unknown but nonlinear functions. If a time series from an accurate solution, {qi(tj)}, i = 1,. . . , n, j = 1,. . . , m, is known, then system (1) can be approximated by the following system of difference equations:
j=2,...,m-1.
Hence, one way to reconstruct the unknown underlying dynamical system (1) is to seek all unknown parameters of the functions fi in an assumed formulation from a suitable parameter identification approach. Based on some fundamental approximation theory of continuous functions, one can try to find a polynomial pi to best approximate the unknown function fi with arbitrarily high accuracy. All coefficients of the polynomial pi can be obtained by using some available methods such as the minimum second multiplication [ll] , and the error between pi and fi can be estimated.
However, the actual observation data are not exactly the accurate solutions {qi(tj)}, i = 1 ,***, 72, j = l,.. . , m, of the original system (l), but are contaminated with noise 6q<(tj), where 6qi is the associate noise. Therefore, in the study of the reconstruction of the underlying dynamical system, one must consider the impact of the noise effects. It is well known that noise effects are especially serious for chaotic models, so the problem under investigation is quite interesting but also somewhat difficult as compared to the nonchaotic cases.
In the following sections, the chaotic Lorenz and Chen systems are used as two representative examples to illustrate the proposed method. Thus, it can be assumed that the system functions fi, i = l,... , n, are unknown and needed to be approximated by some polynomials pi(t), whose coefficients are identified by using the available noisy observation data. 3 . RECONSTRUCTING THE LORENZ SYSTEM BY USING EXACT TIME SERIES DATA
The canonical Lorenz system is described by h = u(y -x),
?j = cx -52 -y,
which has a chaotic attractor that looks like the one shown in Figure 1 when a = 10, b = 8/3, c = 28. This figure shows both the original and the reconstructed attractors; they are visually the same. First, suppose that {Xi}, {x}, {Zi} are the time series obtained from the Lorenz system (3) without contaminating any noise. In this simulation, the Runge-Kutta method was used to generate the these time series from the system with initial value (O,O, 0.1).
Suppose that the reconstructed system has the following form: dx -= U1X2 + @y2 + u3z2 + a42y + a5xz + %jyz + a72 + a@, + agz, dt & -= blx2 + b2y2 + b3z2 + b4xy + b5xz + bcyz + b7x + bsy + bgz, dt dz -= C1X2 + C2y2 + CsZ2 + c4xy + c5xz + CCjyz + c72 + CSy + cgz. dt
Substituting the time series {Xi}, {Yi}, {Zi}, i = 1,2,. . . , 100000, into the corresponding difference system (2), a set of supersolvable equations are obtained. After the 27 unknown coefficients of the supersolvable equations are determined by least-squares, the resulting system is obtained The reconstructed chaotic attractor is shown in Figure 1 .
DEFINITION.
Denote by a and si the real and the reconstructed parameter values, respectively.
Then, p= la--l I4
is called the relative error of the reconstruction.
It can be seen from the resulting system (5) that the absolute value of maximum approximation errors of the reconstructed model as compared with the original system is less than 0.3565, and the largest one happens to be bs. Since the maximum relative error is 0.01273 (only about 1.3X), this system reconstruction result is quite accurate.
RECONSTRUCTING THE LORENZ SYSTEM BY USING NOISY OBSERVATION DATA
In practice, observation data are unavoidably contaminated with noise. Therefore, noisy observation data should be used for system reconstruction.
Assume that the observational errors {Rx}, {Ry}, and {Rz} are independent and identically distributed and they obey a normal distribution Table 1 . Also, the reconstructions without noise disturbance are listed for comparison. To accelerate the numerical convergence, any term with coefficient less than 0.01 will be eliminated The reconstructed chaotic attractor is shown in Figure 2 .
The other cases with u2 = 0.18, g2 = 0.2, u2 = 0.24, and c2 = 0.3 are similar. Numerical simulation results show that all reconstructions of the chaotic Lorenz attractors are successful. Especially, when the noise variance is small (i.e., u 2 = 0.125,0.18), the reconstructed chaotic attractors are almost the same as the original one. However, numerical simulations also show that reconstruction becomes unsuccessful when u2 > 0.35.
RECONSTRUCTING CHEN'S SYSTEM BY USING EXACT TIME SERIES OR NOISY OBSERVATION DATA
The chaotic Chen's system is described by 2 = a(y -x), ?j=(c-a)x-xzfcy,
which has a chaotic attractor as shown in Figure 3 when a = 35, b = 3, c = 28. The Chen attractor has more complicated topological structure than the Lorenz attractor [8, 13, 14] . The chaotic Chen's attractor is first reconstructed using exact time series data without noise. A total of 100,000 points of the time series was generated with initial condition 
The reconstructed chaotic attractor is shown in Figure 4 . Similarly, the chaotic Chen's system was reconstructed by using various error variances, which were analyzed and then compared, as shown in Table 2 . At the same time, numerical simulations show that reconstruction becomes unsuccessful when u2 > 0.45. 
SOME OBSERVATIONS FROM THE NUMERICAL SIMULATIONS
It can be seen from Tables 1 and 2 that (i) with the increase of noise disturbance (variance) in the observation data, the reconstruction errors are increased quickly; (ii) the reconstruction accuracy is enhanced with the increase of the complexity of the reconstructed system. One further observation is that since Chen's system is more complex than the Lorenz system [8, 13] , the reconstruction accuracy of Chen's system is higher than that of the Lorenz system.
CONCLUSIONS
This paper investigates the reconstruction of both the Lorenz and Chen's systems based on exact time series or noisy observation data with different variance of random disturbances. The simulated numerical results reveal that reconstructing polynomial types of autonomous chaotic systems by using polynomial approximations is feasible and accurate. It should be noted that the reconstruction problem studied in this paper may in a sense be considered as a model identification problem.
More theoretical studies about this success are needed in the future.
